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Abstract

This paper shows how to construct a rational Bezier model of a swept surface that interpolates N
frames (i.e., N position/orientation pairs) of a fixed rational space curve c(s) and maintains the shape
of the curve at all intermediate points of the sweep. Thus, the surface models an exact sweep of the
curve, consistent with the given data. The primary novelty of the method is that this exact modeling
of the sweep is achieved without sacrificing a rational representation for the surface. Through a simple
extension, we also allow the sweeping curve to change its size through the sweep. The position,
orientation, and size of the sweeping curve can change with arbitrary continuity (we use C2 continuity
in this paper). Our interpolation between frames has the classical properties of Bezier interpolation,
such as the convex hull property and linear precision.

This swept surface is a useful primitive for geometric design. It encompasses the surface of revolu-
tion and extruded surface, but extends them to arbitrary sweeps. It is a useful modeling primitive for
robotics and CAD/CAM, using frames generated automatically by a moving robot or tool.

Keywords: geometric modeling, swept surface, Bezier surface, interpolation, quaternion.

1 Introduction

Consider a curve sweeping through 3-space, periodically outputting its position and orientation. This
paper shows how to construct a rational Bezier model of the swept surface generated by this curve. In
particular, a rational swept surface sweep(s, t) is constructed that (1) interpolates N frames of a fixed
rational space curve c(s) (i.e., N position/orientation pairs) and, more importantly, (2) maintains the
shape of the curve at all intermediate points of the sweep. Thus, the surface models an exact sweep
of the curve, consistent with the given data. For added flexibility, we also allow the sweeping curve to
change its size through the sweep.

This swept surface is a useful modeler for applications (such as robotics and CAD/CAM) that
involve sweeping bodies that do not change shape (such as robot arms and machining tools). The
frames can be generated automatically by the moving body. Our swept surface is also a useful primitive
for geometric design. It encompasses the surface of revolution and extruded surface (Section 8), but
extends them to arbitrary sweeps.

We assume discrete data on the position and orientation of the sweeping body for reasons both of
application and design. For the modeling of a physically sweeping body (e.g., a robot), it is simple to
gather discrete position/orientation data, but much more difficult to gather it continuously. In design
also, it is usually appropriate to design the swept surface by specifying only a finite number of frames.

Although our method directly models the sweep of a curve, the sweep of a surface or a solid can
be modeled indirectly by using curve frames that represent the intersection of two ”instantaneously
close” frames of the surface, i.e., Ci = S(ti) ∩ S(ti + ε). Although this will not construct an exact
model of an actual sweep of the surface, it is likely to be a good approximation since the envelope of
a surface is computed by such intersections of neighbouring positions of the surface.
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The major challenge is to preserve the shape of the curve through the sweep. After all, the
interpolation of curves that can vary in shape during the sweep can already be solved using the general
tensor product surface. It is simple to preserve the shape of the curve through the sweep if the
surface need not be rational, using Frenet frames, but we want a rational model. This is crucial for
compatibility, since most present modeling systems work with rational Bezier or B-spline curves and
surfaces. We build a rational tensor product Bezier surface, complete with a full definition of its control
mesh.

A curve is defined by its position, orientation, and scale. The key idea to our modeling of a sweeping
curve is to isolate each of these three components and independently design each of them to interpolate
the frames. Interpolation of position and scale is straightforward. However, orientation interpolation
is challenging.

Definition 1 A frame of a curve C is a pair (P ,O) or a triple (P ,O,S) defining the position P (of
the reference vertex), orientation O, and possibly scale S of the curve. Let c(s) be a parameterization
of C in canonical position, with its reference point at the origin. If P , O, and S are represented
by translation, rotation, and scaling matrices, respectively, the frame (P,O, S) represents the curve
P ·O · S · c(s).

Here is an outline of our method. Let c(s) be the sweep curve (in canonical position) and let
(Pi, Oi, Si), i = 1, . . . , N be its N frames.

1. (Position) Construct a rational curve interpolating the positions Pi; in this paper, the position
curve is a C2-continuous cubic Bezier spline.

2. (Scale) Construct a rational function interpolating the scales Si; in this paper, the scale function
is C2-continuous cubic Bezier.

3. (Orientation)

(a) Represent each orientation Oi by a unit quaternion (a point on the unit 4-sphere). Construct
a Bezier spline on the unit 4-sphere that interpolates the orientations Oi. In this paper,
this curve is a C2-continuous sextic Bezier spline.

(b) Translate the orientation function to rotation matrix form, O(t).

4. (Parameterization) The parameterization of the swept surface is

sweep(s, t) = P (t)O(t)S(t)c(s) (1)

where P (t) (resp., S(t)) is the translation (resp., scaling) matrix associated with the position
curve (resp., scaling function).

5. (Control mesh) Compute each column of the Bezier control mesh of sweep(s, t), using the
sweep of each control point of c(s).

Section 4 covers Step 3, the construction of the orientation component of the sweep. This method
for rational interpolation of orientation was developed originally in Johnstone and Williams [9], where
it was used to rationally interpolate keyframes for an animation. Step 3(b), the translation from a
quaternion representation of the orientation function to a rotation matrix representation, is covered in
Section 6. Section 3 develops the theory of constructing a Bezier control mesh of the surface generated
by a sweeping curve, which is needed for Step 5. The actual construction of the control mesh is
presented in Section 7. Examples of our swept surface are given in Section 8 and we end with some
conclusions. In the next section, we begin with a review of related work on swept surfaces.



2 Related work

There is a rich literature on swept surfaces. Several papers use the Frenet frame of differential geometry
to control the sweep of a curve (e.g., Pegna [13], Bronsvoort and Klok [2]). The path of the sweep is
specified by a space curve d(t), which defines the position of the reference point on the sweep curve, and
the sweep curve’s orientation is defined by the Frenet frame of the position curve d. Unfortunately, the
rotation defined by the Frenet frame is not rational, and thus neither is the swept surface. The envelope
of swept surfaces (i.e., the implicit equation of the surface swept out by a sweeping surface) has been
the subject of many papers (e.g., Martin [10], Wang and Wang [?]). Coquillart [4] and Bloomenthal
and Riesenfeld [1] construct swept surfaces by approximating offset curves of the axis of the sweep, in
the latter paper to define translational sweeps, surfaces of revolution, and approximations of rotation-
minimizing sweeps.1 Canal surfaces are studied by Rossignac and Requicha [15, 14]. Farouki shows
that rational canal surfaces can be constructed by sweeping a sphere along a special Pythagorean
hodograph space curve, and gives the rational parameterization [8]. The ray tracing of swept surfaces
(as opposed to their Bezier surface definition) has been studied by van Wijk (both with the sweep of
a sphere of varying radius [17] and the rotation, translation, and translation with scaling of a planar
cubic spline [18]) and by Bronsvoort and Klok [2] (for generalized cylinders). Other papers that deal
with generalized cylinders include Bronsvoort and Waarts [3] and Park and Kim [12].

3 Sweeping a curve

If a polynomial Bezier curve,
∑m

i=0
~biB

m
i (u), is swept through space so that its ith control point follows

the path ~bi =
∑n

j=0
~bijB

n
j (v), the surface that is swept out by the curve can be expressed as the tensor

product surface
∑m

i=0

∑n
j=0

~bijB
m
i (u)Bn

j (v). This is the classical interpretation of the ith column of a
tensor product Bezier surface, { ~bij : j = 0, . . . , n}, as the control polygon of the curve swept out by
the ith control-point (Farin [7]). We will use this observation to model our swept surface: we shall
record the path of each control point of the sweep curve, and then find the control polygon of this
path, which becomes a column of the tensor product control mesh.

Since our application involves rational curves sweeping along rational paths, we first need to gen-

eralize the above argument. When a rational Bezier curve,
∑m

i=0
wi

~biB
m
i (u)∑m

i=0
wiBm

i
(u)

, is swept through space so

that its ith control point follows a polynomial Bezier path, ~bi(v) =
∑n

j=0
~bijB

n
j (v), then the resulting

rational tensor product surface is (using the convex hull property of Bernstein polynomials)∑m
i=0

∑n
j=0 wi

~bijB
m
i (u)Bn

j (v)∑m
i=0

∑n
j=0 wiBm

i (u)Bn
j (v)

That is, the sweep ~bi(v) of the curve’s ith control point still determines the ith column of the mesh,
with the weights of this column identical to the weight of ~bi.

Finally, we can generalize to the sweep of a rational Bezier curve such that each control point
follows a rational path, as long as the weights of the rational paths are the same for each path. That

is, if a rational Bezier curve,
∑m

i=0
wi

~biB
m
i (u)∑m

i=0
wiBm

i
(u)

, is swept through space so that its ith control point follows

a rational Bezier path, ~bi(v) =
∑n

j=0
wj

~bijBn
j (v)∑n

j=0
wjBn

j
(v)

(notice that the weight wj does not depend on i), then

the resulting rational tensor product surface is∑m
i=0

∑n
j=0 wiwj

~bijB
m
i (u)Bn

j (v)∑m
i=0

∑n
j=0 wiwjBm

i (u)Bn
j (v)

(2)

1The rotation-minimizing frame is an attempt to remove some of the problems of the Frenet frame.



The sweep of the curve’s ith control point again determines the ith column of the mesh, but now the
weights are the product of the weights of the path and sweep curve.

Thus, we have reduced our problem to finding a path for each control point of the sweeping curve
since, from this information, we can construct the surface’s control mesh.

4 Rational interpolation of orientation

In this section, we address the interpolation of the N orientations of the sweeping curve. Although we
will eventually want to represent the orientation by a rotation matrix, we initially represent orientation
by a unit quaternion. The unit quaternion (cos θ

2 , ~v sin θ
2 ), ‖~v‖ = 1 corresponds to a rotation of θ about

the axis ~v [?]. Since a single rotation about an axis is sufficient to represent an arbitrary orientation of
a solid object, unit quaternions are a representation for rigid body orientation.2 Unlike Euler angles,
quaternions have a unique representation for each orientation, do not experience gimbal lock, and can
be combined easily. Unlike both Euler angles and rotation matrices, the quaternion has a concise
representation (4 numbers) with a natural geometric analogue (through identification of the set of
unit quaternions with the unit sphere S3 in 4-space). It is this latter property that is of the utmost
importance for our solution of the interpolation problem: orientation interpolation can be posed as a
problem of interpolating points on a 4-sphere. In the rest of this section, a unit quaternion will be
identified with a point on S3, the unit sphere in 4-space, which will be called the quaternion sphere.
We also note here that the unit quaternion allows control and prediction of the speed of rotation of
the sweeping curve, since the amount of rotation is directly encoded by distance on the sphere.3

We now present an outline of our method for orientation interpolation. The major idea is to
design an interpolating curve freely in 4-space using traditional techniques and then map back onto
the quaternion sphere (using a map M from 4-space onto the sphere). This approach is reminiscent
of a technique of Dietz, Hoschek, and Jüttler [6] for designing rational curves on the unit sphere in
3-space, with interesting departures. The input is a set of n orientations of a solid represented as unit
quaternions q1, . . . , qn.

1. Construct a rational map M from 4-space onto the unit sphere in 4-space.

2. (Map quaternions into 4-space) Map the quaternions qi by M−1 into 4-space.

3. (Interpolate in 4-space) Interpolate the points M−1(qi) in 4-space by an arbitrary4 polynomial
curve C(t), say a cubic B-spline.

4. (Translate to Bezier spline) Translate C(t) to the equivalent cubic Bezier spline Cbez(t).

5. (Map back onto the sphere) Map Cbez(t) back to the sphere using M , one Bezier segment
at a time, yielding a Bezier spline Dbez(t).

Dbez(t) is the desired orientation curve, a Bezier spline that interpolates the quaternions qi and
defines a valid orientation at every time t. In our examples, since we use a cubic B-spline in step (3),
Dbez(t) is C2-continuous. Since steps (3) and (4) are well understood (Farin [7]), we need only show
how to construct M , its inverse M−1, and the map of a Bezier segment by M .

We want a rational5 map from 4-space onto the unit sphere S3 in 4-space. The challenge is to make
the map rational, since it is simple to find non-rational maps onto the sphere (e.g., normalization,
Gauss map of a surface). A formula from number theory yields a solution [?][p. 318].

2Although the orientation of some special curves can be represented more simply (e.g., a circle by a normal vector),
the orientation of a general space curve has the same degrees of freedom as a rigid body.

3That is, the distance metric of the sphere S3 is equivalent to the angular metric of rotation matrices [11].
4Any method of interpolation can be used in this step, as long as it can be translated to a a Bezier spline. We need

to translate to a Bezier spline so that the method of step (5) can be applied.
5A map α(t) = (x1(t), . . . , xk(t)) is rational if each component xi(t) can be expressed as the quotient of two polyno-

mials in t.



Lemma 4.1 (Euler, Aida)

(a2 + b2 + c2 − d2)2 + (2ad)2 + (2bd)2 + (2cd)2 = (a2 + b2 + c2 + d2)2 (3)

It is most natural to express the following map in projective 4-space, P 4. (x1, x2, x3, x4, x5) in
projective 4-space is equivalent to (x1

x5
, x2

x5
, x3

x5
, x4

x5
) in affine 4-space.

Corollary 4.1 The map M : P 4 → S3 ⊂ P 4:

M(x1, x2, x3, x4, 1) =


x2
1 + x2

2 + x2
3 − x2

4
2x1x4

2x2x4

2x3x4

x2
1 + x2

2 + x2
3 + x2

4

 (4)

sends a point in projective 4-space onto the unit sphere in projective 4-space.

Lemma 4.2 The map M−1 : S3 → P 4 is defined by

M−1(x1, x2, x3, x4, x5) =


(x2, x3, x4, x5 − x1,+2

√
x5−x1

2 ) if (x1, x2, x3, x4, x5) 6= (1, 0, 0, 0, 1)
(equivalently, if x1 6= x5)

the hyperplane x4 = 0 otherwise
(5)

where (x1, x2, x3, x4, x5) lies on the unit sphere S3.

Note that M is surjective (i.e., it maps onto the entire sphere) since every point of the 4-sphere
has an inverse image. When the quaternion qi = (qi1, qi2, qi3, qi4) is mapped off of the sphere us-
ing M−1, we apply the map M−1(qi1, qi2, qi3, qi4, 1). That is, we simply set the homogeneous co-
ordinate to 1. This maps the quaternion to a unique point. The inverse of the projective point
{(kqi1, kqi2, kqi3, kqi4, k)}k∈< is a line, but we choose a unique preimage in order to apply point inter-
polation.

To take advantage of the Bezier representation, the Bezier spline in 4-space (see step 3 above)
must be mapped back to the sphere as a Bezier curve, not simply a rational curve. The image of each
cubic Bezier segment of the spline is a sextic Bezier segment. The following lemma reveals the Bezier
structure of these sextic image segments on the sphere. Notice that the structure of the map M is
preserved in the control points (compare (6) and (4)).

Lemma 4.3 The image of a polynomial cubic Bezier segment c(t) in 4-space under the map M is a
rational Bezier segment of degree 6 with control points ck and weights wk (k = 0, . . . , 6):

ck =
∑

0 ≤ i ≤ 3
0 ≤ j ≤ 3
i + j = k

(
3

i

)
∗
(

3

j

)
(

6

k

)


(bi1bj1 + bi2bj2 + bi3bj3 − bi4bj4)/wk

2bi1bj4/wk

2bi2bj4/wk

2bi3bj4/wk

 (6)

wk =
∑

0 ≤ i ≤ 3
0 ≤ j ≤ 3
i + j = k

(
3

i

)
∗
(

3

j

)
(

6

k

) (bi1bj1 + bi2bj2 + bi3bj3 + bi4bj4) (7)

where bi = (bi1, bi2, bi3, bi4) are the control points of c(t) (i = 0, 1, 2, 3).



Proof : This can be established by an application of the product rule of Bernstein polynomials (Farin
[7]) and letting i + j = k. A full proof is in Johnstone and Williams [9].

In Johnstone and Williams [9], we show that the above method generates good orientation functions,
with all of the classical advantages of Bezier curves. In summary, given a finite number of orientations,
we have a method for defining a rational orientation function that interpolates them well.

5 Weaponry

The following lemma allows the product of two Bezier functions to be expressed as a single Bezier
function of higher degree, and will be used in future sections. It is derived using the product rule of
Bernstein polynomials [7].

Lemma 5.1
m∑

i=0

Bm
i (t)bi

n∑
j=0

Bn
j (t)cj =

m+n∑
k=0

Bm+n
k (t)dij (8)

where

dij :=
∑

0 ≤ i ≤ m
0 ≤ j ≤ n
i + j = k

(
m

i

)(
n

j

)
(

m + n

k

) bicj (9)

for bi, cj ∈ <.

Henceforth, we will use the shorthand notation
∑m+n

{ijk} bicj for the new control points dij in (9).
Notice that k is a free variable in this expression. Formula (8) becomes

m∑
i=0

Bm
i (t)bi

n∑
j=0

Bn
j (t)cj =

m+n∑
k=0

Bm+n
k (t)

m+n∑
{ijk}

bicj (10)

In future sections, we will work in projective space for cleanliness. Rational Bezier curves and
surfaces will also be represented in projective space. For example, the rational Bezier curve

∑n
i=0 Bn

i (t)
(bi,1, . . . , bi,d+1) in projective space is equivalent, in affine space, to the rational curve∑n

i=0
bi,d+1Bn

i (t)(
bi,1

bi,d+1
,...,

bi,d
bi,d+1

)∑n

i=0
bi,d+1Bn

i
(t)

with weights bi,d+1.

6 From quaternion to rotation matrix

In Section 4, we expressed the orientation function in terms of quaternions. However, we eventually
need to represent it in terms of a rotation matrix, in order to apply it in the formula (1).6 Therefore,
we need a mechanism to translate from quaternions to rotation matrices. The following lemma is the
projective version of a formula in Shoemake [16].

Lemma 6.1 The rotation matrix that represents the same orientation as the unit quaternion
(x1, . . . , x5) is

1
x2

5

 x2
5 − 2(x2

3 + x2
4) 2(x2x3 − x1x4) 2(x2x4 + x1x3)

2(x2x3 + x1x4) x2
5 − 2(x2

2 + x2
4) 2(x3x4 − x1x2)

2(x2x4 − x1x3) 2(x3x4 + x1x2) x2
5 − 2(x2

2 + x2
3)

 (11)

6Theoretically, we could use quaternion multiplication rather than matrix multiplication, but the rotation matrix
simplifies our development.



Lemma 6.2 (Orientation function) Let q(t) =
∑6

k=0 B6
k(t)(qk1, . . . , qk5) be a segment of the ori-

entation function, expressed as a quaternion. The same segment of the orientation function, expressed
as a parameterized rotation matrix, is:

O(t) =

∑12
k=0 B12

k (t)
∑6+6

{ijk} Mij∑12
k=0 B12

k (t)
∑6+6

{ijk} qi5qj5

(12)

where

Mij =

 qi5qj5 − 2(qi3qj3 + qi4qj4) 2(qi2qj3 + qi1qj4) 2(qi2qj4 − qi1qj3)
2(qi2qj3 − qi1qj4) qi5qj5 − 2(qi2qj2 + qi4qj4) 2(qi3qj4 + qi1qj2)
2(qi2qj4 + qi1qj3) 2(qi3qj4 − qi1qj2) qi5qj5 − 2(qi2qj2 + qi3qj3)


Proof : Apply Lemma 6.1 and then Lemma 5.1.

7 Control mesh of the swept surface

We now want to construct the tensor product Bezier control mesh for our swept surface. The following
theorem shows how each patch is created. We postpone the incorporation of curve scaling until the
next theorem.

Theorem 7.1 Let

c(s) =
∑n

i=0 wc
i b

c
iB

n
i (s)∑n

i=0 wc
i B

n
i (s)

be a segment of the rational Bezier spline of degree n representing the sweeping curve, in orientation
(1, 0, 0, 0) with its reference point at the origin.

• Let {(Pi, Oi)}, i = 1, . . . , N , be N frames of c(s).

• Let P (t) be a cubic Bezier spline interpolating the points Pi (representing the position component
of the sweep).

• Let

O(t) =

∑12
j=0 B12

j (t)
∑6+6

{klj} Mkl∑12
j=0 B12

j (t)
∑6+6

{klj} qk5ql5

as in (12), be a segment of the rotation matrix Bezier function interpolating the orientations Oi

(representing the orientation component of the sweep).

• Let P+(t) =
∑12

j=0 p+
j B12

j (t) be the degree-elevated Bezier segment equivalent to P (t), computed
using classical degree elevation (Farin [7]).

We wish to construct a rational swept surface SWEEP (s, t) satisfying the following two conditions:

1. SWEEP (s, t) interpolates each of the N frames

2. each isoparametric curve {SWEEP (s, k) : s ∈ <} is a rigid transformation of c(s)

The patch of this swept surface corresponding to the sweep of the segment c(s) along the segment P+(t)
of the position curve, controlled by orientation O(t), is the tensor product Bezier surface with control
points (for i = 0, . . . , n, j = 0, . . . , 12):

bij = p+
j +

∑6+6
{klj} Mklb

c
i

wpath
j

and weights wij = wc
i w

path
j , where wpath

j =
∑6+6

{klj} qk5ql5.



Proof : As discussed in Section 3, the ith column of the swept surface’s control mesh is defined by the
path of the ith control point of the sweep curve c(t), bc

i , during the sweep. This path is P (t) + O(t)bc
i ,

because the position of the sweep curve’s reference point at time t is P (t) and the ith control point
is at position bc

i in relation to the reference point, rotated by the orientation at time t. Since matrix
multiplication is distributive,

O(t)bc
i =

∑12
j=0 B12

j (t)
∑6+6

{klj} (Mklb
c
i )∑12

j=0 B12
j (t)

∑6+6
{klj} qk5ql5

Moving to projective space for clarity, O(t)bc
i is the rational curve

12∑
j=0

B12
j (t)

( ∑6+6
{klj} Mklb

c
i

wpath
j

)

where wpath
j =

∑6+6
{klj} qk5ql5. Adding the position component yields

P (t) + O(t)bc
i =

12∑
j=0

B12
j (t)

(
wpath

j p+
j +

∑6+6
{klj} Mklb

c
i

wpath
j

)

which is the rational curve followed by the ith control point of c(t) during the sweep. This rational
curve has control points bij (as defined above) and weights wpath

j . Notice that the weights of the
ith rational path (the path followed by bc

i ) are independent of i, as required by (2). Using (2), the
ith column of the swept surface’s control mesh consists of the control points bij and weights wc

i w
path
j

(j = 0, . . . , 12).
Using this result, one can easily construct the entire surface (for the entire sweep curve over the

entire sweep path).

Corollary 7.1 The resulting swept surface is a (12,n) tensor product Bezier surface, with columns of
degree 12 and rows of degree n (where n is the degree of the sweeping curve).

We now show how to extend this result so that the sweep curve is allowed to change its size during
the sweep. Recall that the scaling component is easily computed by interpolating the N scale factors
by a C2-continuous cubic Bezier spline.

Theorem 7.2 Let c(t), P (t), and O(t) be as in Theorem 7.1, representing segments of the sweeping
curve and its position and orientation components.

• Let {(Pi, Oi, Si)}, i = 1, . . . , N , be N frames of c(t).

• Let S(t) =
∑3

m=0 B3
m(t)sm, sm ∈ < be the segment of the scaling component of the sweep

(interpolating the scales Si) that corresponds to P (t) and O(t).

• Let P+(t) =
∑15

j=0 p+
j B15

j (t) be the degree-elevated version of P (t) (but now raised to degree 15).

We wish to construct a rational swept surface SWEEP (s, t) satisfying the following two conditions:

1. SWEEP (s, t) interpolates each of the N frames, and

2. each isoparametric curve {SWEEP (s, k) : s ∈ <} is an affine transformation of c(s)



The patch of this swept surface corresponding to the sweep of the segment c(s) along the segment P+(t)
of the position curve, controlled by orientation O(t) and scale S(t), is the tensor product Bezier surface
with control points (for i = 0, . . . , n, j = 0, . . . , 12):

bij = p+
j +

∑12+3
{hmj} (

∑6+6
{klh} Mklb

c
i ) sm

w
(3)
j

and weights wij = wc
i w

(3)
j , where w

(3)
j is computed using degree elevation from wpath

j =
∑6+6

{klj} qk5ql5:∑12
j=0 wpath

j B12
j (t) =

∑15
j=0 w

(3)
j B15

j (t).

Proof : The path of the ith control point of the sweep curve c(t), bc
i , is P (t)+O(t)S(t)bc

i , which defines
the ith column of the surface’s control mesh. We have seen that

O(t)bc
i =

12∑
h=0

B12
h (t)

( ∑6+6
{klh} Mklb

c
i

wpath
h

)

where wpath
h =

∑6+6
{klh} qk5ql5. Thus,

O(t)S(t)bc
i =

12∑
h=0

B12
h (t)

( ∑6+6
{klh} Mkl[(

∑3
m=0 B3

m(t)sm)bc
i ]

wpath
h

)

and, since m is independent of the other variables, we can pull out terms involving m and apply
Lemma 5.1:

=

∑15
j=0 B15

j (t)
∑12+3

{hmj} (
∑6+6

{klh} Mklb
c
i ) sm∑12

j=0 B12
j (t)wpath

j

The denominator can be degree-elevated to degree 15 using traditional degree elevation, and adding
the position component yields

P (t) + O(t)S(t)bc
i =

15∑
j=0

B15
j (t)

(
w

(3)
j p+

j +
∑12+3

{hmj} (
∑6+6

{klh} Mklb
c
i ) sm

w
(3)
j

)

This is a rational curve with control points bij (as defined above) and weights w
(3)
j . Since the weights

are independent of i, we can apply (2) to find that the ith column of the swept surface’s control mesh
consists of the control points bij and weights wc

i w
(3)
j (j = 0, . . . , 12).

We have enforced C2-continuity on the position, orientation, and scale of the sweeping curve, and
consequently the degree of the swept surface is (12, n) or (15, n). The degree of the swept surface can
be lowered by lowering this continuity: for example, if the orientation component in Theorem 7.1 is
given C1 rather than C2 continuity, the degree of the swept surface drops from (12, n) to (8, n). In
general, the surface degree is (4(i + 1) + j + 1, n) where the orientation component has Ci continuity
and the scaling component Cj continuity. To see this, note that we begin with an interpolating curve
of degree i + 1 in quaternion 4-space; this is doubled in degree both when we map to the quaternion
sphere using M and when we translate to a rotation matrix using Lemma 6.1.

8 Examples

We have implemented the swept surface primitive developed in this paper and in this section we shall
give three examples of surfaces modeled with it. For each example, we provide a figure of the swept
surface (shown to interpolate the input) and a series of isoparametric curves of the swept surface, each



Figure 1: Conventional revolute surfaces can be built

of which preserves the shape of the curve. The input frames of the sweeping curve are drawn in thicker
lines in the right figure.

Figure 1 shows a surface of revolution, but as generated by our method. A surface of revolution
can be represented exactly with our method by using a circle centered at the origin as the sweep curve
c(t), and frames of various sizes with positions (0, 0, ki) and orientations (1, 0, 0, 0). An extruded or
translational surface is also easily achieved, due to the linear precision of Bezier surfaces, using two
curve frames with the same orientation and scale.

Figure 2 is suggestive of the design possibilities of the method (a canoe). None of these curves
have the same orientation. Figure 3 suggests how the surface could be used (e.g., for interference
detection) in an environment where an object, such as a robot arm, is truly sweeping through space
and outputting its position and orientation.

Note that the interpolation of each component (position, orientation, and scale) is by an interpo-
lating rational Bezier function, which has all of the properties of Bezier functions such as variation-
diminution, the convex hull property, and linear precision.

9 Conclusions

We have shown how to build an exact rational model of a sweeping curve that interpolates a finite
number of keyframes. This model ensures that there is no deformation of the curve as it sweeps.
Since classical point interpolation can be viewed as the path generated by sweeping a point so that
it interpolates a finite set of points, our method is analogous to point interpolation, with the point
replaced by a rigid curve. By fully defining its rational Bezier control mesh, we ensure that this new
swept surface primitive may be easily incorporated into current geometric modeling systems.
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